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Abstract: Multiple plasmonic Fano resonances are generally considered to 
require complex nanostructures, such as multilayer structure, to provide 
several dark modes that can couple with the bright mode. In this paper, we 
show the existence of multiple Fano resonances in single layer core-shell 
nanostructures where the multiple dark modes appear due to the 
geometrical symmetry breaking induced by axial offset of the core. Both 
dielectric-core-metal-shell (DCMS) and metal-core-dielectric-shell 
(MCDS) configurations have been studied. Compared to the MCDS 
structure, the DCMS configuration provides higher modulation depth. 
Analytical studies based on transformation optics and numerical 
simulations have been performed to investigate the role of geometrical and 
material parameters on the optical properties of the proposed 
nanostructures. Refractive index sensing with higher-order Fano resonances 
has also been described, providing opportunity for multiwavelength sensing 
with high figure of merit. 
©2013 Optical Society of America 
OCIS codes: (260.5740) Resonance; (240.6680) Surface plasmons; (160.4760) Optical 
properties. 
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1. Introduction 
Localized surface plasmons (LSPs) sustained by plasmonic nanostructures depend strongly on 
the geometry and size of the structures and the surrounding materials [1]. This property 
enables the engineering of the spectral characteristics of LSP resonances. With proper design 
of the nanoparticles it is possible to achieve broadband response for light harvesting [2–6] or 
extremely narrow bandwidth response for applications such as biosensing [7,8], lasing [9] and 
photoswitching [10, 11]. Recently, considerable attention has been paid to plasmonic Fano 
resonances, which is a classical analogue of the Fano resonances of a quantum particle 
scattered by a potential with quasidiscrete levels [12]. The plasmonic Fano resonance has 
extremely narrow linewidth due to the coupling between the broad bright resonance mode and 
the narrow dark modes supported by plasmonic nanostructures [13, 14], and is intrinsically 
extremely sensitive to changes in geometry or local environment. Various structures have 
been proposed to achieve Fano resonances, such as ring/disk nanocavities [7, 15–17], 
plasmonic metamaterials [18–21], modified nanodisks [22], single rod-shaped nanoantenna 
[23], nano-clusters [24, 25], heterodimer structures [26, 27], and nano-shells [28–32]. Among 
those numerous designs, considerable attempts have been made to achieve multiple Fano-
resonances [17, 21, 29, 30, 32], that enable the applications to be explored simultaneously at 
different frequencies. In all these approaches, multiple components (or multi-layers) are 
involved in the elementary plasmonic nanoparticle to provide several dark modes that couple 
with the bright mode. Up to date, multiple plasmonic Fano resonances have rarely been 
observed in simple individual nanostructures like single-layer nanoshells. 
In this article, we will show that multiple Fano resonances can be realized by 
nanostructures without introducing extra elements. Our design is based on the core-shell 
nano-structure [33–36], in dielectric-core-metal-shell (DCMS) and metal-core-dielectric-shell 
(MCDS) configurations. With analytical method based on transformation optics and 
numerical simulations, we show that for both configurations, introducing the symmetry 
breaking by the core displacement induces the appearance of higher-order multiple Fano 
resonances. Moreover, increasing the offset of the core results in a red shift of the resonance 
modes in the DCMS configuration and a blue shift in the MCDS geometry. Compared to the 
MCDS structure, the DCMS configuration is a better candidate for achieving and exploiting 
multiple Fano resonances since it provides higher modulation depth of the spectral response. 
We also show that appropriate choice of the inner core material allows the tailoring of the 
Fano resonance modes within the broad optical spectral range. Figure of merit for 
multiwavelength refractive index sensing with higher-order Fano resonances has been 
estimated. Since experimental realization of nanoshells with symmetry breaking has already 
been reported [37–39], we expect that the nonconcentric core-shell nanowires designed in this 
work can be implemented in active optical devices and applied in multifrequency molecular 
sensing and SERS. 
2. Theoretical analysis 
Our staring point is a nanoshell structure consisting of a cylindrical dielectric core surrounded 
by metallic shell (Fig. 1). According to the plasmonic hybridization model [40], such 
symmetric core-shell structure can support an anti-bonding mode with a weak intensity, 
which can strongly couple to the broadband dipole mode of the metallic shell. To achieve 
Fano resonances at multiple frequencies, multiple dark modes are usually required, which can 
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simultaneously interfere with a broadband bright mode. One strategy is to use multi-layer 
core-shell structure, where a number of dark modes are introduced by the hybridization 
between different layers [30, 32]. However, this multi-layer configuration often increases the 
difficulty in fabrication. Here, we propose to use the non-concentric nano-shells, where 
higher-order modes are the result of the geometrical symmetry breaking. 
The two structures under consideration are shown in Fig. 1(a). The polarization of the 
illumination is also depicted, where the magnetic field is along the axis of the core. In the 
following, we always use silver as a metal core or a metal shell with the dielectric constant 
described by the Drude model ( )2 / ,m p iε ε ω ω ω γ∞= − + with 3.7,ε∞ = pω =2180 ,THz  
γ=4.35 THz . 
 
Fig. 1. Schematics of two non-concentric core-shell configurations, i.e. a metal coated 
dielectric nanowire and a dielectric coated metallic nanowire, illuminated by a plane wave. 
Here d denotes the distance between the centres of the core and the coating; δ denotes the 
minimum thickness of the coating; the radii of the core and the shell are a and b, respectively. 
(b) The transformed geometry of the core-shell structures is represented by an air-metal-
dielectric (or air-dielectric-metal) three-layer system. The incident plane wave is mapped into a 
dipole source located at the origin. Periodic boundary condition is applied along the y 
direction. 
Usually, theoretical study of plasmonic Fano resonances requires fitting them with a Fano 
profile by means of a scattering matrix method [41] or a classical phenomenological model 
consisting of coupled resonators [42]. Although these methods can give qualitative 
agreements with experiments, they may not provide enough physical insight and require some 
fitting parameters (such as the linewidths of bright and dark modes, and the coupling strength 
between them) to obtain the exact spectrum of the Fano resonance. A more precise approach 
based on calculations of the probability of mixed states was proposed by Giannini et al, which 
allows for proper understanding of the plasmonic modes in Fano interference [43]. Here, we 
use the theory of transformation optics (TO) [2–6] to investigate the asymmetric core-shell 
structures depicted in Fig. 1(a). This approach allows for full wave study of the plasmonic 
responses of the structures, and offers a route to predict the Fano spectrum without any fitting 
parameters. 
The symmetric core-shell structure (i.e., d = 0) can be investigated with classical Mie 
scattering theory. When the inner core radius is much smaller than the outer radius of the 
shell (i.e. a b ), the scattering peak and the scattering dip of the spectrum converge to the 
same frequency, giving rise to a Fano resonance [31]. The asymmetric core-shell structures 
can be studied using the modified multiple Mie scattering method [44–46]. However, it 
always involves complicated treatments of the all spherical harmonics, and is unlikely to give 
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closed-form expressions for the electric field, absorption and scattering cross-sections. In 
contrast, the TO approach allows us to derive all the physical quantities in closed forms. 
Therefore, it is more insightful when dealing with the 2D asymmetric core-shell structures. 
The TO approach involves several steps. First, a logarithmic transformation maps the 
asymmetric DCMS (or MCDS) structure into a three-layer planar plasmonic system, which 
can be studied analytically, as depicted by Fig. 1(b). Note that similar conformal 
transformation was applied to study a pair of metal nanowires separated by a small gap [47]. 
Then, by expressing the electrostatic potential of the dipole source through a Fourier series, 
the SPP excitation associated with the transformed structure can be studied in the k-space. 
Finally, by applying an inverse Fourier transform to the k-space solution, the induced 
potential in the real space can be obtained 
 ( ) ( )( )
( )( )
( )( ) ( )
2
02scatt
2 2
1 1 2 0
cos arg ,
, ,
sin arg ,
n
nx
n n
n y
E n f x yg
x y f x y
E n f x y
αη βφ
η η αβ
∞
=
 
−  =  
− + 
  (1) 
where n is the angular momentum associated with the different scattering channels, and 
( ),f x y  is the function of the coordinate parameters (x, y) 
 ( )
( ) ( ) ( )( )
( ) ( ) ( )( )
2
2 22 2
2
2 22 2
4
, ln .
4
d x iy b d a b d a
f x y
d x iy b d a b d a
 
+ + + − + − − 
=   + + + − − − −  
 (2) 
The constants g , 1η , 2η , α , and β  are calculated as 
 
( ) ( )2 22 2
,
b d a b d a
g
d
+ − − −
=  (3) 
 
( ) ( )
( ) ( )
2 22 2
1 2 22 2
,
b d a b d a
b d a b d a
η
+ − + − −
=
+ − − − −
 (4) 
 
( ) ( )
( ) ( )
2 22 2
2 2 22 2
,
b a d b a d
b a d b a d
η
+ − + − −
=
+ − − − −
 (5) 
 1 1 2
1 1 2
1 , .
1
ε ε ε
α β
ε ε ε
− −
= =
+ +
 (6) 
For DCMS structure 1 mε ε=  and 2 dε ε= , while for MCDS structure 1 dε ε=  and 2 mε ε= . 
Considering the limit ,x y → ∞  in Eq. (1), the polarizability of the core-shell structure in 
the quasi-static limit can be calculated 
 208 gγ πε ξ=  (7) 
where 
 
( )
( )
2
2
2 2
1 1 2
.
4
n
n n
n
n αη βξ
η η αβ
∞
=
−
=
−
  (8) 
#183368 - $15.00 USD Received 14 Jan 2013; revised 4 Mar 2013; accepted 4 Mar 2013; published 29 Mar 2013
(C) 2013 OSA 8 April 2013 | Vol. 21,  No. 7 | DOI:10.1364/OE.21.008426 | OPTICS EXPRESS  8430
Note that the quasi-static solution is strictly valid only when the outer radius of the structure 
is smaller than about 10 nm. For cases that are beyond the quasi-static limit, the optical 
theorem can be used to model the radiative damping, important for larger sizes, as a fictive 
absorbing particle [48]. In the near-field approximation, the imaginary part of the Green’s 
function has the form ( ){ } 20 0 0Im , / 8G r r ik I ε= −  [49] (where I  denotes the unity dyad), 
indicating that the induced electric field is uniform within the near-field: 
 ( ) 2sca 0 0
0
.
8
kE r i Eλ γ
ε
= −  (9) 
The modified polarizability of the core-shell structure can be calculated as 
 
2
0
2 2 2
0 0 0
8 .
1 / 8 1m
g
ik i k g
πε ξγγ
γ ε π ξ= =− −  (10) 
Thus, we can obtain the extinction, scattering, and absorption cross-sections: 
 2ext 0 0 2 2
0 0
Im 8 Im ,
1
mk k g
i k g
γ ξ
σ π
ε π ξ
   
= =   
−   
 (11) 
 
2 23
2 3 40
sca 0 2 2
0 0
8 ,
2 1
mk k g
i k g
γ ξ
σ π
ε π ξ
 
= = 
−   (12) 
 { }2
abs ext sca 0 22 2
0
Im
8 .
1
k g
i k g
ξ
σ σ σ π
π ξ= − = −
  (13) 
 
We can see from Eq. (12) that the scattering peak occurs at a frequency that satisfies ξ → ∞ . 
For the scattering channel with an angular momentum n, this requires 
 22 .
nη αβ=  (14) 
Similarly, the reduced scattering corresponds to the scattering dip which happens at a 
frequency satisfying 0ξ = . For the n-th scattering channel, we have 
 
2 2 2 2
2 2 2
1 2 2
2 2
1 .
n n
n n
n
n
η αβ αη βη
η αβ αη β
+ +   − −+ 
= −    
− −    
 (15) 
The condition given by Eq. (15) is also referred to as the cloaking condition [31]. It occurs 
when the negative polarizability of the plasmonic shell is properly tailored to suppress the 
electric dipole radiation from the inner particle. According to Eq. (15), the appearance of the 
scattering dip requires 1dε > . 
3. Results and discussion 
Figure 2 shows the scattering (solid line) and absorption (dashed line) cross-sections of a 
silver coated glass nanowire calculated using Eqs. (14) and (15). Here, the geometrical 
parameters are 5 nma = , 30 nmb = . The left column corresponds to the numerical 
simulation results using finite element modeling (COMSOL Multiphysics) and the right 
column shows the analytical results based on transformation optics theory. We start by 
considering Fano resonances in the symmetric case, as shown in the top panels. The first Fano 
#183368 - $15.00 USD Received 14 Jan 2013; revised 4 Mar 2013; accepted 4 Mar 2013; published 29 Mar 2013
(C) 2013 OSA 8 April 2013 | Vol. 21,  No. 7 | DOI:10.1364/OE.21.008426 | OPTICS EXPRESS  8431
resonance mode is excited at 340 nm, where a scattering dip associated with an absorption 
peak appears in the spectrum. This can be explained by Eq. (14) and Eq. (15). The 
interference of the dark scattering state [described by Eq. (15)] with the dipolar mode of the 
shell [described by Eq. (14)] enables a Fano resonance. In other words, the scattering peak 
and the scattering dip must converge to the same frequency, requiring that b a . For a 
symmetric core-shell structure ( 0d = ), the left side of Eq. (14) is reduced to ( )2/ nb a . As 
b a , all the SPP resonances degenerates at the frequency where m dε ε= − . In this case, 
only the dipolar resonance (with angular momentum 1n = ) can be excited. 
From Eqs. (14) and (15), we can see that increasing the displacement d  will in turn 
increase the number of resonance modes supported by the structure, thereby inducing higher-
order Fano resonances. This can also be observed in Fig. 2. In the middle panels, a 
displacement of 20 nm is introduced to the glass core. The first-order Fano resonance is red-
shifted with respect to the symmetric case and has the reduced modulation depth, while the 
second-order resonance occurs at 339 nm, close to the Fano resonance of the symmetric 
structure. The increase of the geometric asymmetry corresponds to further increase of the 
interaction between the inner and outer boundaries of metal, thereby inducing additional 
higher-order Fano resonances [47]. As shown in the bottom panels where the core offset 
24 nmd = , three distinct Fano dips with asymmetric profiles appear in the scattering 
spectrum, and the first Fano mode shifts to wavelength 430 nm. In the extreme case with 
d b a= −  (corresponding to an asymmetric core-shell structure with a geometric singularity 
at the touching point [3, 50]), the left side of Eq. (14) is reduced to 1, indicating that the 
structure shows a broadband response to the incident light. Here, we highlight that the two 
interfering modes associated with each Fano resonance results from the same scattering 
states, namely, the dipole state and the anti-bonding cloaking state. Because this cloaking 
state is an anti-resonant feature, this Fano resonance is independent of the direction of the 
incident electric field, and may be detected at any observation angle. This is a major 
difference from conventional plasmonic Fano resonances, which is often strongly polarization 
dependent. 
In order to gain further physical insights into the multiple Fano resonances arising from 
the symmetry breaking, we study the near-field property of the asymmetric core-shell 
structures. Figure 3 displays the electric field profiles at each absorption peak and the 
corresponding scattering peak. The structure considered here is same as the one studied in the 
bottom panels of Fig. 2 ( 5 nmiR = , 30 nmoR = , 24 nmd = ). As we can see from the 
calculated results, at the wavelengths of the scattering peaks (top row, Fig. 3), the surface 
plasmon field is spread out over the outer surface of core-shell structure, giving rise to a large 
scattering efficiency. On the contrary, at the absorption peaks (bottom row, Fig. 3), the 
plasmon field is mostly confined around the dielectric core, leading to a smaller scattering 
efficiency. 
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Fig. 2. The scattering (solid line) and absorption (dashed line) cross sections for glass 
nanowires (the radius 5 a nm= ) with concentric [(a1), (b1) 0 d nm= ] and non-concentric 
[(a2), (b2) 20 d nm=  and (a3), (b3) 24 d nm= ] silver shells (the radius 30 b nm= ). The 
left column corresponds to the simulation results and the right corresponds to the analytical 
solutions. 
 
Fig. 3. Snapshots of the electric field distributions for a nonconcentric glass-core silver-shell 
nanowires ( 5 a nm= , 30 b nm= , 24 d nm= ) at the scattering and the absorption peak 
wavelengths (c.f. Figure 2 (a3)). 
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To understand how the core offset d affect the Fano resonance behaviour, a plot of the 
normalized scattering cross section versus the core offset d and the wavelength for the above 
structure ( 5 a nm= , 30 b nm= ) is shown in Fig. 4. We can clearly see that the increase of d 
gives rise to the increasing number of resonance modes, while their intensities decrease. Since 
there is a trade-off between the number of resonance modes and the modulation depth, only 
the appropriately designed structure provides the optimized multiple Fano-resonance features. 
In our case, the structures with a core offset ranging from 20 nm to 24 nm offers multiple 
Fano profiles with acceptable modulation depth. 
The impact of dielectric constant of the core on the resonance profile is shown in Fig. 5, 
where the scattering and absorption cross sections are plotted for the dielectric-core silver-
shell structures with increasing core offsets (d = 0 nm, d = 20 nm, and d = 24 nm). As the 
refractive index of the inner core increases, all the resonance modes shift to lower 
frequencies. This result demonstrates the possibility of engineering the resonance spectrum of 
the structure by changing the material of the inner core. 
One distinct property of the Fano resonance is the narrow line-width which is 
advantageous for sensing applications. By changing the refractive index of the surroundings, 
one can induce a pronounced shift of the resonance which can be observed by monitoring the 
transmittance at a wavelength close to it. Higher-order Fano resonances enable the multi-
wavelength sensing as the Fano resonance can be modified at several spectral positions 
simultaneously. Here, to evaluate the sensing performance of our structure, we calculate the 
figure of merit, which is defined as the resonance wavelength shift upon the change of the 
refractive index of the surrounding medium n, divided by the resonance width: 
FoM
n
λ
λ
∂
=
∂ Δ
. Figure 6 shows the FOM for the glass nanowire with silver coating 
( 5 a nm= , 30 b nm= ), as a parametric dependence on the geometric asymmetry, which 
modifies the resonance wavelength. We can observe the increase of FoM with the increase of 
the geometric asymmetry resulting also in shift of the resonance wavelength. 
 
Fig. 4. Plot of the scattering cross section normalized to the diameter versus the core offset d 
and the wavelength for a glass nanowire with asymmetric silver coating 
( 5 a nm= , 30 b nm= ). 
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Fig. 5. Parametric plots of scattering cross sections and absorption cross sections versus the 
refractive index of the dielectric core and the wavelength for a dielectric nanowire with 
asymmetric silver coating ( 5 a nm= , 30 b nm= ). In left panels, 0 d nm= ; In middle 
panels, 20 d nm= ; In right panels, 24 d nm= . 
We now move on to studies of the metallic core with dielectric shell configuration. 
Similar to the DCMS case, this structure shows that multiple Fano resonances appear as the 
coating become asymmetric, except that the mode shows a blue shift with the increased 
asymmetry—the opposite trend than for DCMS structures. Another difference worth noting is 
that, in the DCMS case, all the plasmonic resonances have symmetric field profiles and are 
excited below the surface plasmon frequency, where metal dielectricε ε< − . In other words, the 
resonances are distributed in a broad frequency range. |In contrast, for the MCDS structure, 
the resonances are all asymmetric modes, thus can only be excited in the a relatively narrow 
frequency range where 1dielectric metalε ε− < < − . The extension of bandwidth can be achieved 
through increasing the permittivity of the dielectric core. This provides additional degree of 
freedom for tailoring the Fano resonance spectrum. Finally, by comparing Fig. 7 and Fig. 2, 
we find that the MCDS structures provide higher modulation depth than the DCMS ones. 
This is because for the MCDS configuration the dark modes are confined around the core and, 
as a result, suffer from higher Ohmic losses. 
 
Fig. 6. The dependence of the FoM on the asymmetry of the sensing structure consisting of the 
glass nanowire with silver coating ( 5 a nm= , 30 b nm= ) for first-order Fano resonance. 
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Fig. 7. The scattering (solid line) and absorption (dashed line) cross sections for silver 
nanowires (the radius 5 a nm= ) with concentric [(a1), (b1) 0 d nm= ] and non-concentric 
[(a2), (b2) 20 d nm=  and (a3), (b3) 24 d nm= ] glass shells (the radius 30 b nm= ). The 
left column corresponds to the simulation results and the right one corresponds to the 
analytical solutions. 
Conclusion 
We have shown that multiple Fano-like resonances can be realized with nonconcentric single 
layer core-shell nanostructures. By appropriately tuning the core offset and choosing the 
materials, multiple Fano resonances can be observed with prominent modulation depth. 
Compared to previous approaches for achieving multiple Fano resonances where multiple 
elements are always involved, our design is easier to realize in practice. The design can be 
extended to three-dimensional case. As has been experimentally observed in silica-gold core-
shell nanoparticles, the core offset allows for the emergence of high-order modes [37]. 
Therefore, by appropriately tuning the geometrical parameters, multiple Fano resonances are 
expected to occur in spherical nano-shells. We envision fabrication of these core-shell 
nanostructures with current nanofabrication techniques and their applications in 
multifrequency biosensing and signal processing. 
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